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Abstract
In this note we prove that projective planes of order q have deﬁning sets of size o(q2), improving
a result of Gray et al. [On the size of the smallest deﬁning set of PG(2, q), Bull. Inst. Combin. Appl.
21 (1997) 91–94].
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1. Introduction
In this notewe study deﬁning sets of projective planes of order q, with particular attention
to the Desarguesian plane PG(2, q), motivated by the result of Gray et al. [12].
Deﬁnition 1.1 (Gray [14,15]). A set of blocks which is a subset of a unique t − (v, k, )
design D is called a deﬁning set of that design. A deﬁning set is minimal if it does not
properly contain a deﬁning set of D, and smallest if no deﬁning set of D has fewer blocks.
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The size of the smallest deﬁning set was determined for several block designs: for
Hadamard designs obtained by the Paley construction, Seberry [21] conjectured that there
exists a deﬁning set containing less than half of the blocks. For PGn−1(n, 2) (i.e., the design
formed by the hyperplanes of the n-dimensional projective space over GF(2)) Gray [10]
proved that the fraction of blocks in a smallest deﬁning set approaches 1 if n tends to inﬁnity.
Gower [9] constructed aminimal deﬁning set inAG(n, 3), consisting of (32n−3n−7n+1)/6
blocks. She has also obtained similar results for PG(n, 2). AG(n, q) resp. PG(n, q) denotes
the design formed by the lines of the afﬁne resp. projective n-dimensional space over GF(q).
Ramsay [20] proved that there are Steiner triple systems whose smallest deﬁning sets con-
tain at least one-fourth of the blocks. Finally, Gray et al. [12] proved that PG(2, q) contains
a deﬁning set of size at most (q2 +3q)/2. For other related results see e.g., [6,13,14,24,27].
The main question about deﬁning sets is to decide whether we need essentially all the
blocks, or a smaller fraction of the blocks is enough. In this second case it is natural to ask
for the existence of really small deﬁning sets, that is deﬁning sets with cardinality o(b),
where b is the total number of blocks in the designs.
We will be interested in deﬁning sets for projective planes. In what follows we shall
denote by q an arbitrary projective plane, and by PG(2, q) the Desarguesian plane, of
order q, and with a slight abuse of terminology, we shall use the same notation for the sets
of points of these designs.
The result of Gray et al. [12] shows that essentially half of the blocks (lines) of PG(2, q)
are enough to deﬁne the remaining blocks. Let us ﬁrst recall their construction: let A be a
set of points with |A|q, and let C be the set of lines that intersect A. Then C is a deﬁning
set, as it can be seen by a result of Blokhuis and Wilbrink [4] about nuclei of (q + 1)-sets
implying that only the lines of PG(2, q), other than those in C, are such (q + 1)-sets which
intersect all blocks of C in exactly one point. By choosing A as a conic minus one point, the
size of C will be 2q + q(q − 1)/2 = (q2 + 3q)/2.
In this paper we construct much smaller deﬁning sets for PG(2, q). First we use a modi-
ﬁcation of the above idea, and choose smaller sets for A. Instead of the theorem of Blokhuis
and Wilbrink [4], we use the lemma of Segre and Korchmáros [23] to guarantee that only
lines can be added to our deﬁning set C. Using this construction scheme we construct var-
ious small deﬁning sets, some of which are constructed algebraically, some coming from
probabilistic arguments. This idea came from an old, unpublished working paper [5]. In
some cases there were results for dense sets but the connection with deﬁning sets was not
clear. To make the paper self contained proofs of such results are also included.
The most general result we obtained in this direction for Desarguesian projective planes
is the following.
Theorem 1.2. For the projective plane PG(2, q) of order q there exists a deﬁning set C of
size at most 5q
√
q log q. Furthermore, if q is a square then there is a deﬁning sets C of size
at most 3q√q.
This theorem will follow immediately by (i) of Theorems 3.5 and 4.2 below.
The results andmethods ofKahn [17] about random lines of projective planes can easily be
adapted to construct random deﬁning sets in an arbitrary projective plane, and the following
theorem can be proved.
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Theorem 1.3. In every projective planeq of order q (large enough) there exists a deﬁning
set of size 22q log q.
For this theorem we shall recall some details from [17], and show that a set of 22q log q
random lines in q will form a deﬁning set with probability tending to 1 as q goes to +∞.
Regarding lower bounds for the size of a deﬁning set for PG(2, q) only a bound 2q is
known, see Gray [11]. This essentially comes from the fact that the lines of our deﬁning set
have to cover almost all points twice. As Kahn notes in [17], this also means that a random
deﬁning set has to contain at least 3q log q lines.
In the last section of the paper we present an improved lower bound for the size of a
deﬁning set. The notion of strong deﬁning sets is also introduced and a lower bound of
(3 − )q is proven for the size of strong deﬁning sets.
2. Deﬁning sets and nuclei
Let us ﬁrst review some useful results about nuclei in projective planes.
Deﬁnition 2.1. Let A be a set of (q + 1) points in the projective plane q of order q. A
point P(/∈A) is called a nucleus of A, if each line through P intersects A in exactly one
point. For a set A, let N(A) denote the set of its nuclei.
Nuclei were introduced for Desarguesian planes by Mazzocca (cf. [19]), although the
ﬁrst related result is due to Segre and Korchmáros [23] without the use of this terminology.
Lemma 2.2 (Segre and Korchmáros [23]). Let A be a set of (q + 1) points in PG(2, q),
and let P1, P2, and P3 be three non-collinear nuclei of A. Denote by Bj the unique common
point of A and the line PiPk , where {i, j, k} = {1, 2, 3}. Then the points B1, B2, and B3 are
collinear.
Using this lemma, Segre and Korchmáros proved that a conic cannot be contained in
N(A), if A is not a line. This was further strengthened by the following result of Blokhuis
and Wilbrink [4].
Theorem 2.3 (Blokhuis and Wilbrink [4]). Let A be a set of q + 1 points in PG(2, q) not
forming a line. Then, |N(A)|q − 1.
Further recent results on nuclei can be found in Blokhuis andMazzocca [3] andMazzocca
[19]. A different type of nucleus, sometimes called internal nucleus, was also introduced
for subsets of projective planes. For results about internal nuclei the reader is referred
to [26].
The connection between nuclei and deﬁning sets is quite simple, as the next statement
shows.
Proposition 2.4. Let q be an arbitrary projective plane of order q, and let X be a set of
its points with the following property
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(∗): whenever X is contained in N(A) for a set A of (q + 1) points, then A has to be a
line.
Then the set C of all lines intersecting X is a deﬁning set for q .
Proof. Let  be a (q + 1)-set that can be added to C (i.e.,  intersects every line of C
in precisely one point). Since C consists of all the lines intersecting X, this implies that
X ⊂ N(). By property (∗), this means that  must be a line. 
The next lemma provides an example on how to construct a set of points in PG(2, q)
satisfying property (∗). To state this lemma, we shall need one more deﬁnition.
Deﬁnition 2.5 (Bartocci [2], Ughi [25]). A set Y ⊂ q is called a dense set, if for every
point P /∈Y there are P1 = P2, P1, P2 ∈ Y such that the line joining P1 and P2 passes
through P. (Ughi calls such sets saturated).
Lemma 2.6. Let L1, L2 be two lines in PG(2, q), O = L1 ∩ L2, Ai ⊂ Li\{O}, i = 1, 2.
If X = {O} ∪ A1 ∪ A2 is a dense set, then it satisﬁes property (∗), i.e., the set C of lines
intersecting X is a deﬁning set.
Proof. Take a set A of (q + 1) points such that X is contained in N(A). Let Bi = A ∩ Li ,
i = 1, 2. Take any point B3 ∈ A\{B1, B2}. Since X is dense, there are Pi ∈ Ai (i = 1, 2), so
thatB3,P1 andP2 are collinear. LetP3=O and apply Lemma 2.2 of Segre and Korchmáros
[23] for the triangle P1, P2, P3. Then we get that B3, B1, B2 are collinear. Since B3 was
arbitrary, this means that A is just the line of PG(2, q) joining B1 and B2. 
It is not very important that the set X be contained in the union of two lines, but it
helps us control the number of triangles in X determining the same collinear triple in .
The next construction is a slight modiﬁcation of the previous one, and the proof can simply
be copied.
Lemma 2.7. Let L1, L2, L3 be three non-concurrent lines, Oi = Lj ∩ Lk , where i, j, k
are pairwise different. Let Ai ⊂ Li\{Oj ,Ok} so that X = (A1 ∪A2 ∪A3)∪ {O1,O2,O3}
is dense. Then, X satisﬁes property (∗), i.e., the set C of lines intersecting X is a deﬁning
set.
Let us remark that an analogous construction can easily be shown correct for an arbi-
trary number of lines L1, . . . , Ls with X chosen from the union of these lines including
appropriately selected 3s intersections.
3. Explicit constructions of dense sets
In this section we construct dense sets contained in the union of two or three lines. We
need some standard facts about Desarguesian planes, which we recall here brieﬂy. Let us
denote the ﬁnite ﬁeld with q elements by GF(q). The points of the afﬁne plane AG(2, q)
are just the pairs GF(q)×GF(q). The lines are subsets of points of the following two types:
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vc = {(c, y) : y ∈ GF(q)} for c ∈ GF(q), and m,b = {(x,mx + b) : x ∈ GF(q)},
for m, b ∈ GF(q). We shall say, as usual, that the equation of these lines are x = c and
y = mx + b, respectively. To obtain the projective plane PG(2, q) we have to introduce
the points at inﬁnity. The point (∞) will be added to all lines with equation x = c, and the
points (m), for m ∈ GF(q) will be added to the lines with equation y = mx + b. The line
at inﬁnity will consist of all the points at inﬁnity.
A Baer subplane B is a subplane of order √q, when q is a square; in other words a set of
q+√q+1 points with the property that all lines meet B in either 1 or √q+1 points.A Baer
subline is a set of √q + 1 collinear points, for which there is a Baer subplane containing
it. A line of a Baer subplane B is a line meeting B in √q + 1 points. It is well known that
through any point P not in a given Baer subplane B there is exactly one line of B passing
through P.
Proposition 3.1. The union of three non-concurrent Baer sublines in a Baer subplane is a
dense set of size 3√q.
Proof. Take a point P outside the Baer subplane. There is precisely one line of the Baer
subplane passing through P, which intersects the union of the three Baer sublines in at least
two points. If P is in the Baer subplane then take any line of the subplane through P, it will
intersect the union of the three Baer sublines in at least two points again. 
The proof of this proposition was included for the sake of completeness. This fact can
be found in Ughi’s paper [25]. For more constructions of small dense sets, see Faina and
Giulietti [8].
Note that the size of a dense set K has to be at least
√
2q. Indeed, if |K| = k, then there
are at most
(
k
2
)
lines intersecting K in at least two points, and each of them covers at most
(q − 1) points outside K. Thus
k +
(
k
2
)
(q − 1)q2 + q + 1,
from which k
√
2q follows immediately. This estimate is also known as the Lunelli–Sce
bound for complete arcs, and was stated for dense sets in [25].
If q is a square then a small dense set contained in the union of two lines can also be
constructed by appropriately modifying the previous construction.
Proposition 3.2. Take two Baer subplanes B1 and B2 which have a common Baer subline
L1 and also a common point P not on L1. Let O be a point of this Baer subline and let L2
be the line joining O and P. Then A = (B1 ∩ L1) ∪ (B1 ∩ L2) ∪ (B2 ∩ L2) is dense, and
|A| ∼ 3√q.
Proof. First of all note that it is easy to construct two Baer subplanes with the property
mentioned in this proposition. Indeed, take B1 = {(u, v) : u, v ∈ GF(√q)} ∪ {(w) : w ∈
GF(√q)} ∪ {(∞)}, the standard Baer subplane. Let B2 = B1, for some  /∈GF(√q), O be
(0), L2 be the x-axis, and L1 be the line at inﬁnity. Then the lines of B1 through O have
equation y = c with c ∈ GF(√q), while for the lines of B2, c /∈GF(√q).
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Note that the lines L1 and L2 are precisely the lines through O which are lines of both
Baer subplanes.
Now consider any point P not in L1 ∪L2. If P is in B1 or B2, then there is a line through
P intersecting A in at least two points. If P is not in B1 ∪ B2, then consider the lines of B1
and B2 through P. At least one of them does not pass through O, and hence P is covered by
a line meeting A in at least two points. 
The next construction is essentially due toBartocci [2].We include the proof here, because
it is shorter than the original one and we have a better bound on k.
Proposition 3.3. Let A={(0, uk)|u ∈ GF(q)} ∪ {(vk, 0)|v ∈ GF(q)} ∪ {(0, 0), (0), (∞)},
where k is a divisor of q − 1, kq1/4. Then A is a dense set of size 3 + 2(q − 1)/k.
Proof. We have to show that through any point (a, b), ab = 0, there is a line meet-
ing A in exactly two points. The points (a, b), (0, uk), and (vk, 0) are collinear if and
only if
auk + bvk − ukvk = 0. (1)
This equation deﬁnes a plane curve F2k of degree 2k. The origin (0, 0) is a singular point
of multiplicity k, the tangents at this points are the lines u = v, where k = −b/a. As k
divides q − 1, there are k distinct tangents (over the algebraic closure of GF(q)). These
tangents are not contained in F2k , and they intersect F2k with multiplicity 2k. To check this
one just has to substitute the equation of a tangent into equation (1) of F2k . This way we
obtain a polynomial, which is not identically zero, and which contains precisely one term,
namely the leading term of degree 2k. This shows that the absolute irreducibility criterion
of Segre [22] can be applied, showing that the curve F2k is absolutely irreducible (that is
irreducible over the algebraic closure of GF(q)). In the same way one can show that the
curve F2k has two inﬁnite points which are multiple points with multiplicity k. Therefore,
the genus of the curve F2k is at most (2k−1)(2k−2)/2−3k(k−1)/2= (k−1)(k−2)/2.
According to the Weil estimate, see [16, Chapter 2], the number of afﬁne points of F2k , for
which uv = 0, is at least
q + 1 − (k − 1)(k − 2)√q − 3k − k2.
The last term here comes from Bézout’s theorem, and bounds the common points of F2k
and the lines u = 0, v = 0, uk = vk (that is u = v, with k = 1), and the line inﬁnity. As
kq1/4, the number of points is strictly positive, which means that there are two distinct
points in A collinear with (a, b). 
The next theorem can be proven analogously.
Proposition 3.4. LetA={(0, uk −u)|u ∈ GF(q)}∪{(vk −v, 0)|v ∈ GF(q)}∪{(0, 0), (0),
(∞)}, where k is a divisor of q, kq1/4. Then A is a dense set of size 3 + 2q/k.
Finally, we summarize what these constructions of dense sets imply for deﬁning sets.
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Theorem 3.5. The various explicit constructions in this section give deﬁning sets C for
PG(2, q), of the following size:
(i) |C| ∼ 3q√q, if q is a square;
(ii) |C| ∼ 2q2/k, if k divides q − 1 and kq1/4;
(iii) |C| ∼ 2q2/k, if k divides q and kq1/4.
Proof. All of the above constructions are subsets of two or three lines, and thus by Lemmas
2.6 and 2.7 the sets C of lines through these point sets will be deﬁning sets. The cardinality
of C in each of these cases will be roughly q times the cardinality of the dense set A. 
4. A probabilistic construction of dense sets and deﬁning sets
In this sectionwe show that there are dense sets contained in the union of two lines, whose
cardinality is at most 5
√
q log q. The proof uses the probabilistic method, and essentially
can be found in the paper by Kovács [18]. For completeness we sketch a simple proof
here.
Proposition 4.1. In any projective plane of order q there exists a dense set of size 5√q log q
contained in the union of two lines.
Proof. Let us pick two lines L1 and L2, and set O = L1 ∩ L2. Select the points of V =
(L1∪L2)\{O} independently with probability p.We are going to determine p in such a way
that the set X of selected points will be a dense set with high probability, while keeping the
cardinality of X low. Of course, this second aim is easy to satisfy. Since the expected size
of X is 1+ 2qp and we can easily estimate the probability of this size exceeding 3pq using
Chernoff’s inequality (see e.g. [1]). To see this, let us introduce random variables ZP , for
all points P ∈ V . ZP = 1, if P is chosen into X, and ZP = 0 otherwise. Then the random
variables ZP − p for P ∈ V are pairwise independent with zero expected value. Hence
Chernoff’s inequality claims
Prob
(∑
P∈V
(ZP − p)> pq
)
e−p2q .
Choosing p = c√log q/q we get that the probability of X being larger than 3c√q log q
is at most
Prob(|X|> 3c√q log q)e−c2 log q = q−c2 . (2)
We have to estimate next the probability that X is not a dense set. Take any point A not
on L1 ∪ L2. Then A deﬁnes a pairing of the points on L1 ∪ L2, and A is not covered by
the bisecants of X if and only if at most one point of each of these pairs is selected. The
probability of this is (1 − p2) for each pair. Since the points are chosen independently, the
probability that A is not covered hence is (1 − p2)q .
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Hence the total probability of X not being a small dense set can be estimated from above
as follows.
Prob(X is not dense or |X|> 3c√q log q)(q2 − q)(1 − p2)q + q−c2
q2−c2 + q−c2 .
Here we can see that for c >
√
2 this probability is strictly less than 1 (if q is large enough).
Hence choosing c = 53 guarantees the existence of a dense set of this type having size not
larger than 5
√
q log q. (Instead of 5 any constant larger than 3√2 would work, for q large
enough). 
Theorem 4.2. For every Desarguesian projective plane PG(2, q) there is a deﬁning set of
size at most 5q
√
q log q.
Proof. It follows exactly the same way from the above proposition and from Lemma 2.6
as the previous theorems. 
Note that in the old working paper [5] we claimed that there are deﬁning sets of size
cq
√
q, but it seems that the extra
√
log q factor is needed for the proof.
5. Randomly selected lines as deﬁning sets
As before let q denote an arbitrary projective plane of order q, n = q2 + q + 1 denote
the number of its points, and let k = q + 1. For a subset of points X ⊆ q let us denote by
L(X) the set of lines of q which intersect X. Thus in particular L(q) denotes the set of
all lines of the plane q .
In this section we show that the approach of Kahn [17] can be adapted to prove the
existence of a deﬁning set C of size |C|22k log k in any projective plane q .
Given a subset H ⊆ L(q) of the lines, a subset X ⊆ q of the points is called a cover
of H if X intersects all lines in H. The size of a smallest cover is denoted by (H) and is
called the covering number of H.
Clearly, for any subset H of lines in a projective plane q of order q we have (H)k,
since any line  ∈ L(q) is a cover of this size. Kahn [17] proved that there exists a small
subset C ⊆ L(q) of lines of cardinality |C|22k log k for which (C) = k. In fact he
showed that for a random subset H of lines with |H |22k log k we have (H)=k with high
probability.We showbelow that a slightmodiﬁcation in his proof yields a stronger statement,
namely that the only minimal covers of such a random subset of lines are the lines of q ,
implying thus Theorem 1.3. To see this, we show the following somewhat stronger claim.
Theorem 5.1. Let H ⊆ L(q) denote a random subset of lines of cardinality |H |
22k log k, and let X= {X ⊆ q |X /∈L(q), |X| = k}. Then, we have∑
X∈X
Prob(H ⊆ L(X))< 1 (3)
for k11, and in fact the left-hand side of (3) tends to zero as q goes to ∞.
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Proof. Let m = |H |, and for subsets X ⊆ q let L(X) = L(q)\L(X). To estimate the
left-hand side of (3), let us note ﬁrst that
Prob(H ⊆ L(X))
( |L(X)|
n
)m
=
(
1 − |L(X)|
n
)m
. (4)
Let us further deﬁne t (X) = min∈L(q ) |\X|, and let us partition X into three disjoint
families
U= {X ∈ X|1 |L(X)|<√k(k − √k − 1)},
V=
{
X ∈ X| n
10
 |L(X)|<n
}
,
and
W=X\(U ∪V).
To estimate (3) from above, we shall decompose the summation into three parts according
to the partition X=U ∪V ∪W, and derive an upper bound separately for each of these.
Case of U: In this case, let us recall the following lemma from [7] that
Lemma 5.2 (Erdo˝s and Lovász [7]). If |L(X)|<√k(k − √k − 1), then t (X)<√k.
Let us also observe that the inequalities |L(X)| t (X)(k−t (X)−1) and |{X ∈ X | t (X)=
t}|n(k
t
)(
n
t
) must hold (by simple counting), and that t (X)1 for all sets X ∈ X, since
X contains no lines of q . Thus, we can write
∑
X∈U
(
1 − |L(X)|
n
)m

√k−1∑
t=1
n
(
k
t
)⎛⎝nt
⎞
⎠(1 − t (q − t)
n
)m

√k−1∑
t=1
e(3t+2) log k−t (q−t)m/n. (5)
Since e(3t+2) log k−t (q−t)m/n < 1/q for 1 t <
√
k whenever m6k log k we can conclude
by (4) and (5) that
∑
X∈U
Prob(H ⊆ L(X)) 1√
k
. (6)
Case ofV: In this case we use the trivial bound |V| |X|< (n
k
)
, and the inequality
(
1 − |L(X)|
n
)m

(
1 − 1
10
)m
,
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for X ∈V, and thus we can write
∑
X∈V
(
1 − |L(X)|
n
)m

(
n
k
)(
1 − 1
10
)m
e2k log k−m/10. (7)
Since e2k log k−m/10 < 1/
√
k whenever m22k log k and k11, we can conclude by (4)
and (7) that∑
X∈V
Prob(H ⊆ L(X)) 1√
k
. (8)
Case ofW: In this case we introduce the notationXj ={X ∈ X | |L(X)|=j},Yj ={Y ⊆
q | |Y | = q, |L(Y )| = j} for j = 1, . . . , n, and recall from [17] the following lemma.
Lemma 5.3 (Kahn [17, (1.5)]). If √k(k − √k − 1)j <n/10, then
|Yj |< e(10j/k) log k .
Since for X ∈ Xj and v ∈ X we have X\{v} ∈ Yi for some j ij + k, the above
lemma implies, the family of sets obtained from the members of
⋃k+j
i=j Yi by adding an
extra point covers Xj k-fold, therefore we have
|Xj |<k
j+k∑
i=j
|Yi |< e(10(j+k)/k) log k . (9)
Thus, by (4) and (9) we can conclude that
∑
X∈W
Prob(H ⊆ L(X))
n/10∑
j=√k(k−√k−1)
|Xj |
(
1 − j
n
)m
<
n/10∑
j=√k(k−√k−1)
e(10(j+k)/k) log k
(
1 − j
n
)m
<
1√
k
. (10)
Summarizing (6), (8) and (10) of the above three cases we get
∑
X∈X
Prob(H ⊆ L(X))< 3√
k
< 1,
whenever k11, concluding thus the proof of the theorem. 
E. Boros et al. / Discrete Mathematics 303 (2005) 17–31 27
6. An improved lower bound for the size of deﬁning sets
Let us call a subset D of the lines of q a strong deﬁning set, if for all subsets S of the
points, if |S ∩L| = 1 for all lines L ∈ D and |S| = q + 1, then S itself must be a line of the
plane. Clearly, a strong deﬁning set is also a deﬁning set, but the converse may not be true.
It is also easy to see that all constructions in the previous sections in fact produced strong
deﬁning sets. In what follows, we provide a lower bound for deﬁning sets, and improve it
somewhat for strong deﬁning sets.
For a subsetD of the lines ofq let dD(v) denote the number of lines ofD incident with
the point v ∈ q . For i = 0, 1, . . . , q + 1 let Vi denote the set of points v ∈ q for which
dD(v) = i, and let ni = |Vi |. Furthermore, let
E =
∑
v∈q
dD(v) 2
(dD(v) − 2) = n3 + 2n4 + · · · + (q − 1)nq+1.
Finally, for two points u = v of q let L(u, v) denote the line connecting them.
It is easy to see that a strong deﬁning set satisﬁes the properties
(i) n01,
(ii) |L ∩ V1|1 for all L ∈ D, implying n1 |D|,
(iii) there are no four different points {v0, v1, v2, v3} ⊆ V2 for which L(vj , v(j+1) mod 4) ∈
D for j = 0, 1, 2, 3
while for a deﬁning set properties (i) and (ii) must hold.
First, we show that for a line set D, satisfying properties (i) and (ii), the set V2 must be
large, and the quantity E must be small.
Lemma 6.1. Suppose that a line set D of q satisﬁes properties (i) and (ii) and |D| =
(2 + )q, for some 1> > 0. Then, the inequalities
n2(1 − )q2 − 3(1 + )q, (11)
and
Eq2 + 2(1 + )q (12)
must hold.
Proof. Let us observe that by the above deﬁnitions we have the equalities
n0 + n1 + n2 + · · · + nq+1 = q2 + q + 1,
and
n1 + 2n2 + · · · + (q + 1)nq+1 = (q + 1)|D|,
which, by the non-negativity of these quantities, imply the following inequalities
n1 + 2n2 + 3(q2 + q + 1 − n0 − n1 − n2)(q + 1)|D|,
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and
2(q2 + q + 1) + E − n1 − 2n0(q + 1)|D|.
From these, by using (i) and (ii), and by substituting |D| = (2 + )q, the statements follow
directly. 
Let us show next that the trivial lower bound of 2q on the size of a deﬁning set can
somewhat be improved.
Theorem 6.2. LetD be a set of lines ofq satisfying properties (i) and (ii), |D|= (2+)q
for some 0, and let > 0 be a ﬁxed constant. Then
 1 − 
√
3√
3q
must hold whenever q >
(
33

)2
.
In particular, every deﬁning set of q for q > (33/)2 must contain at least 2q + (1/
√
3 −
)
√
q lines.
Proof. Let us observe ﬁrst that by (ii) we have
q + q − 2
∑
u∈L
dD(u) 2
(dD(u) − 2) (13)
for every line L ∈ D. Now, for a point v ∈ q of degree d = dD(v)2 we can employ the
above inequality as follows:
E =
∑
u∈q
dD(u) 2
(dD(u) − 2)
∑
u∈L,Lv
dD(u) 2
(dD(u) − 2)
=d − 2 +
∑
L∈D,Lv
⎡
⎢⎣ ∑
u∈L
dD(u) 2
(dD(u) − 2) − (d − 2)
⎤
⎥⎦
d − 2 +
∑
L∈D,Lv
[(q + q − 2) − (d − 2)]
= − d2 + d(q + q + 1) − 2. (14)
Thus, by Lemma 6.1 and (14) the following inequality is obtained for d:
0d2 − d(q + q + 1) + q2 + (2 + 2)q + 2.
Thus, if the inequality <(q − 8)/(4q) holds, then each point v ∈ q can only be one of
the following two types: either dD(v)q + 3 (type A) or dD(v)q − 2 (type B).
If at least half of the lines ofD contain at least one point of type B, then there are at least
2 points of degree at least q − 2. Consider a line L ofq that is incident with 2 such points,
say v1 and v2, both of type B. Then there exists at least another q − 2 lines of D, besides
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the lines incident with v1 or v2, regardless if L is in D or not. Therefore, the size of the set
D must be at least 3q − 7 in this case.
Suppose next that less than half of the lines of D contain at least one point of type B.
Double counting the point v ∈ V2 and line L ∈ D incidences we get by Lemma 6.1 that∑
L∈D |L∩V2|2((1−)q2−(3+3)q), which implies
∑
L∈D |L\V2|3q2+8q+7q.
Therefore, it follows by that for at least half of the lines of D we must have
|L\V2| 6q
2 + 16q + 14q
(2 + )q =
6q + 16 + 14
2 +  . (15)
Thus in this case, there must exist a line satisfying (15) and not containing a point of type
B. For such a line L
|L\V2|
∑
u∈L
dD(u) 2
(dD(u) − 2)
maxv∈L dD(v)
 q + q − 2
q + 3 (16)
must also hold by (13) and because L contains only points of type A. Thus, (16) and (15)
lead to a contradiction, whenever the inequality
0< 2q − 62q2 − 132q − 31q − 44− 52
is satisﬁed, e.g., for = (1/√3 − )/√q and q > (33/)2, where > 0 is an arbitrary small
constant. 
Note, that for q square there exists a line set satisfying (i)–(ii) and having size of 2q +
2√q + 2. Namely, consider the Baer lines of two Baer subplanes, that intersect each other
in at most one common point.
For strong deﬁning sets we can further improve on the above lower bound.
Theorem 6.3. A strong deﬁning set of q contains more than ((6 − 2)/(2 + ))q lines, if
q(12 − 6+ 2)/(2(2 + )), where > 0, arbitrary.
Proof. Let us consider a strong deﬁning setD ofq of size |D|= (2+)q for some > 0,
and assume indirectly that (2 − 4)/(2 + ).
Let us next deﬁne a hypergraph Q, the point set of which is D. For every L ∈ D let
QL = {L′ ∈ D\{L}| the intersection of L and L′ belongs to V2},
and let Q= {QL|L ∈ D}.
Clearly, |QL| = |L ∩ V2| for all L ∈ D, and thus we have∑
L∈D
|QL| = 2n2. (17)
We claim next that more than 2q of the sets of Qmust be larger than q. This is because
otherwise we have, by Lemma 6.1 and (17)
(|D| − 2q)(q) + (2q)(q + 1)
∑
L∈D
|QL| = 2n22(1 − )q2 − 6(1 + )q,
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implying
((2 + )q2 + 6q)q2(2 − 4+ 22) − q(6 + 2)
from which, for (2 − 4)/(2 + ) it follows that
q 12 − 7+ 
2
2(2 + ) ,
which is not possible by our assumption on q.
Let us deﬁneS= {L ∈ D||QL|> q}, for which by the above claim we have |S|> q.
Let us also observe that by property (iii) we have |QL∩QL′ |1 for all pairs of linesL = L′
from D. Thus, for a subsetS′ ⊆S, |S′| = q we have
6 − 2
2 +  q |D|
∣∣∣∣∣∣
⋃
L∈S′
QL
∣∣∣∣∣∣ 
∑
L∈S′
|QL| −
∑
L,L′∈S′
L =L′
|QL ∩ QL′ |
q2 −
(q
2
)
,
implying
12 − 6− 2
2(2 + ) q,
which is again impossible by our assumption on q.
This last contradiction shows that our assumption on  cannot be true, completing the
proof. 
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